Introduction
Roughly speaking, universality means "existence of a dense orbit". Thus, in some sense, universal functions are "uncontrolled". In this paper, we study the existence of functions that are universal with respect to differential operators and that are, at the same time, "controlled" by prescribed interpolation properties, including prescribed zeros and multiplicities. Precise definitions are given in what follows.
We denote by N, Z, C, and N 0 the set of positive integers, the set of all integers, the complex plane, and the set N ∪ {0}, respectively. If A ⊂ C then A • ,Ā, and ∂A will stand (respectively) for the interior, the closure, and the boundary of A in C. We use C ∞ to denote the extended complex plane. Recall that a domain is a nonempty connected open subset of C.
Let H( ) be the linear space of holomorphic functions on a domain . In particular, H(C) is the space of entire functions. Consider the metric
where
Here {C j : j ≥ 1} is a fixed exhaustive sequence of compact subsets of ; that is, C j ⊂ C
• j +1 (j ≥ 1) and = ∞ j =1 C j . It is possible to select {C j : j ≥ 1} so that each connected component of C ∞ \ C j contains some connected component of C ∞ \ ; in particular, if is simply connected (i.e., if C ∞ \ is connected) then we can choose every C j without "holes".
The aforementioned metric d generates on H( ) the topology of uniform convergence on compact subsets of ; see [5] . In the sequel, we will always consider the complete metric space (H( ), d ).
According to Baire's category theorem, every complete metric space X is a Baire space; in other words, the intersection of countably many open dense subsets of X is also dense in X. In a Baire space X, a subset is residual when it contains a dense G δ -subset of X. In particular, this applies to (H( ), d ).
Throughout this paper, we will use the following notion of universality.
The set of all such elements
(ii) L is called topologically transitive if it has the following property: For every x ∈ X, y ∈ Y, and ε > 0, there is a z ∈ X and a j ∈ J such that
In fact, the last definition can be easily extended to the setting of topological spaces, but such a generality will not be needed here. If X = Y and L : X → X is a continuous self-map, then L is said to be universal (topologically transitive, resp.) if the family L = {L n : n ≥ 1} of its iterates is universal (topologically transitive, resp.). If X, Y are topological vector spaces and the L j (or L, if we are dealing with self-maps) are linear, then it is customary to say hypercyclic instead of universal. Readers interested in these concepts are referred to the surveys [10] and [13] .
In 1952, MacLane [14] stated that there exist entire functions ϕ such that the set of derivatives {ϕ
where D is the differentiation operator on H(C) given by Df = f . In 1994, Herzog [12] posed the following question: Which additional properties of elements of X are compatible with universality? For U(L) residual and A ⊂ X a G δ -subset, he proved that under certain conditions on A and L (see Section 2) the set A ∩ U(L) is residual in A.
By using his theorem, Herzog derived the existence of D-universal functions having a zero-free qth and (q +1)th derivative (q ∈ N 0 ). This result was extended by the first author (see [1] B|z| for all z ∈ C. Of course, every entire function of subexponential type is of exponential type. By an operator we mean a continuous linear self-map on a topological vector space. It is not difficult to see that if is of subexponential type then (D) defines an operator on H( ) (and on H(C), assuming only that is of exponential type).
In [15, Thm. 3.3] , the third author showed the existence of D-universal functions that solve a given interpolation problem in C. Independently and with a different approach, Costakis and Vlachou [7] arrived at the same conclusion for any simply connected domain. Moreover, in [15, Thm. 2.3] it is proved that there are MacLane-universal entire functions having zeros at prescribed points with prescribed orders. On the other hand, a celebrated result due to Godefroy and Shapiro (see Section 2) asserts the universality on H(C) of every differential operator (D) as described here that is not a multiple of the identity. Recently, the first author [3] demonstrated the existence of (D)-universal holomorphic functions with given interpolation properties.
Our aim in this paper is to prove the existence of holomorphic functions f on a simply connected domain that simultaneously satisfy the following conditions:
f has zeros (only) at the points of a given subset of , with preassigned orders; and (c) f assumes prescribed values at prescribed points.
This will be accomplished in Section 3.
The combination of universal Taylor series with the property (b) or (c) has been considered by Costakis [6] . His improvement on Herzog's theorem is also one of our auxiliary results (see Theorem 3).
Preliminary Results
This section is devoted to establishing a number of statements that will be needed in the proof of our main result. We begin by presenting the following version, due to Grosse-Erdmann [11] , of the well-known Birkhoff transitivity theorem. 
If either condition holds then the set U(L) is a dense G δ -set, and so is residual, in A.
Recall that a Polish space is a separable complete metric space. Next, we state the Herzog criterion [12] concerning inherited universality-more precisely, the (slightly improved) version due to Costakis [6] . 
We also present the following result about the "internal control" property of differential operators (see [4] ). We omit its easy proof, which is based on the Cauchy integral formula for derivatives.
Theorem 4. Let ⊂ C be a domain and let be an entire function of sub-
The previously mentioned theorem of Godefroy and Shapiro states that if is an entire function of exponential type then the differential operator (D) is universal on H(C) [8, Sec. 5] . By restricting the class of operators, we may extend the result to all domains without holes. Specifically, we have the following assertion, which can be found in [2, Thm. 8].
Theorem 5. Let be a nonconstant entire function of subexponential type and consider the operator S = (D): H( ) → H( ), where is a simply connected domain of C. Then S is universal. In fact, U(S ) is residual in (H( ), d ) for S = {S
n : n ∈ N}.
The final lemma in this section combines interpolation and approximation. It is a kind of Hermite interpolation using exponential functions instead of polynomials. The result improves [3, Lemma 2.1]. By e a (a ∈ C) we denote the function e a (z) := exp(az), and span X 0 will stand for the linear span of a subset X 0 of a vector space. K, a 1 , ..., a n , G, m) and a finite set of functions {α j,k : j = 1, ..., n; k = 0, ..., m − 1} ⊂ span{e a : a ∈ G}, depending only on G, m, and the points a 1 , ..., a n , that satisfy the following property. For each pair of functions f, h ∈ H( ), the function ϕ defined by
Proof. We can assume that G = C, so we choose a point c ∈ G and select a positive number d satisfying
and
We define
From (5), it follows that
for all j, l ∈ {1, ..., n} with j = l, so j (a j ) = 0 for all j ∈ {1, ..., n}. Also, an easy calculation shows that
where σ ∈ {0, 1, ..., m − 1} is always assumed. We have no information about the values of β (σ) j,k (a t ) for t = j and σ > k. Hence, for each j ∈ {1, ..., n} we set α j,m−1 (z) := β j,m−1 (z) and
where the last expression makes sense only if m ≥ 2. By induction we obtain
Observe that each function β j,k , and so each function α j,k , is a finite linear combination of functions of the form e c+sd with 0 ≤ s < m(n + 1). But each point c + sd is in G because of (4). Hence, the functions α j,k are in span{e a : a ∈ G}.
Let L, K be compact subsets as in the statement. By using Theorem 4 (with (z) = z k ) or simply the Cauchy estimates, we obtain
for some positive constant M k that is independent of g. Now we set
Finally, if we fix holomorphic functions f, h on and define the corresponding function ϕ as in the statement, then properties (a), (b), and (c) are obvious.
Main Result
Suppose that is a domain in C, and let w = {w k } k∈N , γ = {γ k } k∈N , m = {m k } k∈N , and β = {β k } k∈N be sequences satisfying: w ⊂ , γ ⊂ , β ⊂ C \{0}, m ⊂ N, w ∩ γ = ∅; the points w k , k ∈ N (as well as the points γ k , k ∈ N) are pairwise distinct; and neither w nor γ have accumulation points in . To each such set of sequences we can associate the set A = A(w, m; γ, β) defined by
In other words, A is the set of holomorphic functions in with prescribed zeros and interpolation conditions (corresponding to w, m, γ, β). First, we note in the following proposition that A possesses good topological properties.
Proposition 7. The set A defined in (6) is a nonempty G δ -subset of H( ); in addition, it is a Baire space when endowed with the compact-open topology inherited from H( ).
Proof. By the Weierstraß factorization theorem (see e.g. [18, Thm. 15.9]), we know that there exists a function h ∈ H( ) such that
is an element of A, hence A = ∅. Now consider the exhaustive sequence {C n : n ≥ 1} given in Section 1. Setting
we obtain that A is the intersection of the open sets
where n ≥ 1. So, A is a G δ -subset of (H( ), d ). Finally, since A is a G δ -subset in a complete metric space, Alexandroff 's theorem (see [17] ) guarantees that the topological space A is completely metrizable. Hence, it is a Baire space. Now, we suppose that is a simply connected domain. Before establishing the promised result on interpolation in its full strength, we present the following "discrete" version of it, which will be used in the proof of Theorem 9. N and β 1 , . .., β n 2 ∈ C \ {0}, where n 1 , n 2 ∈ N. We define
Endow B with the compact-open topology inherited from H( ). Let be a nonconstant entire function of subexponential type, and let S = (D) and S
Proof. In a similar manner as for the set A in Proposition 7, we deduce that B is also a G δ -subset of H( ). According to Theorem 2, it suffices to show that S is topologically transitive. We therefore fix f ∈ B, g ∈ H( ), a compact set K ⊂ , and a number ε > 0. We have to show the existence of some ϕ ∈ B and some N ∈ N with sup
and sup
Since f ≡ 0 and is simply connected, we can find a compact set L 1 ⊂ satisfying the following properties:
• ∂L 1 is a regular Jordan curve; and • f is zero-free on ∂L 1 .
If f has further zeros on L • 1 (apart from w 1 , ..., w n 1 ), we denote them by ζ 1 , ..., ζ n 3 . Denote by r 1 , ..., r n 3 their respective orders.
By hypothesis, the entire function is nonconstant, so the open set
be the positive constant provided by Lemma 6. According to Theorem 5, there
By Lemma 6 one can find a function ϕ = h + α ∈ H( ), with α ∈ span{e a : a ∈ G}, that satisfies
Condition (7) follows directly from (9) and from the fact K ⊂ L 1 . By (9) we have n α → 0 (n → ∞) compactly on C for every α ∈ span{e a : a ∈ G}.
In particular, there is an N 1 ∈ N such that
Because h is S-universal, there is an N ≥ N 1 with S N h − g K < ε/2. Finally, since ϕ = h + α with α ∈ span{e a : a ∈ G}, the linearity of S together with the triangle inequality drives us to (8) , as required.
We are now ready to state our main result. Proof. The essential tool for the proof of this theorem will be Theorem 3. Therefore, let X :
) is a Polish space, so it is a separable metric space as well. Let L n = S n (n ∈ N). From Theorem 5 we know that U(S ) is residual in (H( ), d ) .
Without loss of generality, we can assume that the exhaustive sequence {C k : k ∈ N} of compact sets defining the metric d of H( ) (see the Introduction) satisfies that there are two strictly increasing sequences {j 1 
Obviously, the intersection of the sets B k is exactly the set A, which is nonempty by Proposition 7. An argument similar to the one given in the proof of that proposition shows that each B k is a Baire space. Now, Lemma 8 shows the correctness of condition (2) in Theorem 3.
In order to apply Theorem 3, it remains to prove that for every sequence {b k } k∈N with b k ∈ B k we have
Let k ∈ N and f ∈ B k be fixed. Hence, the zeros of f in C k are exactly given by the points w j (of orders m j ) with j ∈ {1, ..., j 1 (k)}. Choose a Jordan subdomain
which is possible because neither w nor γ have accumulation points in .
Since f/g is holomorphic and zero-free in U k , there exists a function φ holomorphic in U k such that
For z = γ j with j ≤ j 2 (k), the left-hand side of (11) is 1 and so φ(γ j ) = µ j · 2πi for some µ j ∈ Z if j ≤ j 2 (k). Next, let h ∈ H( ) with zeros exactly at the points γ j with j > j 2 (k) and with h(
That such a function exists can be proved by an argument similar to the one used in the proof of Proposition 7. Furthermore, we set
where V k is again a fixed Jordan domain, this time satisfying
Suppose ε > 0. By Walsh's theorem on simultaneous approximation and interpolation [19] , there exists a polynomial p satisfying φ h − p
This means that a (D)-universal function is universal with respect to translates. But in [16] it is pointed out that, as a consequence of Hurwitz's theorem, this always causes additional zeros for f that are not necessarily covered by the set A. 2. With essentially the same proof, a little more can be shown. Namely, the sequence (D) n : A → H( ) (n ∈ N) is not only universal-or, equivalently, topologically transitive-but also topologically mixing. Recall that a sequence of continuous mappings L n : X → Y between two metric spaces (X, d X ) and (Y, d Y ) is said to be topologically mixing provided that, for every x ∈ X, y ∈ Y, and ε > 0, there is an N ∈ N such that for every n ≥ N there exists a z = z(n) ∈ X for which d X (x, z) < ε and d Y (y, L n z) < ε. It is easy to see that (L n ) is topologically mixing if and only if (L n k ) is topologically transitive for any subsequence {n 1 < n 2 < · · · } ⊂ N (see e.g. [9] ). Then the proofs of Lemma 8 and Theorem 9 also work for every subsequence ( (D) n k ) simply by taking into account that Godefroy-Shapiro's theorem also holds for subsequences.
3. Finally, we note that if { k : k ∈ N} is a sequence of nonconstant entire functions of subexponential type with S k = k (D) (k ∈ N), then there exists a function ϕ ∈ A that is universal with respect to every family S k = {S n k : n ∈ N}. This is a trivial consequence of the fact that, in every Baire space, the countable intersection of residual sets is residual.
